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Abstract In this article, we construct both the color
singlet–singlet type and the octet–octet type currents to inter-
polate X (3872), Zc(3900), and Zb(10610), and we calculate
the vacuum condensates up to dimension-10 in the operator
product expansion. Then we study the axial-vector hidden
charm and hidden bottom molecular states with the QCD
sum rules, explore the energy-scale dependence of the QCD
sum rules for the heavy molecular states in details, and
we use the formula μ =
√
M2X/Y/Z − (2MQ)2 with the
effective masses MQ to determine the energy scales. The
numerical results support assigning X (3872), Zc(3900), and
Zb(10610) as the color singlet–singlet type molecular states
with J PC = 1++, 1+−, 1+−, respectively, more theoreti-
cal and experimental work is still needed to distinguish the
molecule and tetraquark assignments; while there are no can-
didates for the color octet–octet type molecular states.
1 Introduction
In 2003, the Belle collaboration reported the first observa-
tion of the charmonium-like state X (3872) in the π+π− J/ψ
mass spectrum in the exclusive processes B± → K ±π+π−
J/ψ [1]. The evidence for the decay modes X (3872) →
γ J/ψ, γψ ′ implies the positive charge conjugation C = +
[2,3], while angular correlations between the final state par-
ticles in the π+π− J/ψ support the J PC = 1++ assignment,
and they strongly disfavor (or exclude) the 0++, 0−+, 1−+,
2−+ assignments [4–6]. The X (3872) has been extensively
studied since its first observation; for more articles on this
subject, one can consult the reviews [7–11].
In 2011, the Belle collaboration reported the first obser-
vation of Zb(10610) and Zb(10650) in the π±ϒ(1, 2, 3S)
a e-mail: zgwang@aliyun.com
b e-mail: huangtao@ihep.ac.cn
and π±hb(1, 2P) mass spectra in the exclusive processes
ϒ(5S) → ϒ(1, 2, 3S) π+π−, hb(1, 2P) π+π− [12]. The
quantum numbers (isospin, G-parity, spin and parity) I G(J P )
= 1+(1+) are favored [12]. Later, the Belle collaboration
updated the parameters MZb(10610) = (10607.2±2.0) MeV,
MZb(10650) = (10652.2 ± 1.5) MeV, Zb(10610) = (18.4 ±
2.4) MeV, and Zb(10650) = (11.5 ± 2.2) MeV [13]. In
2013, the Belle collaboration reported the first observation of
the decay processes ϒ(5S) → ϒ(1, 2, 3S) π0π0, and they
obtained the neutral particle Z0b(10610) in a Dalitz analysis
of the decays to ϒ(2, 3S) π0 [14]. There have been several
assignments of the Zb(10610) and Zb(10650), such as the
molecular states [15–25], tetraquark states [26,27], threshold
cusps [28], rescattering effects [29,30], etc.
In 2013, the BESIII collaboration reported the first obser-
vation of the structure Zc(3900) in the π± J/ψ mass spec-
trum in the process e+e− → π+π− J/ψ [31]. The mass
and decay width are (3899.0 ± 3.6 ± 4.9) MeV and (46 ±
10 ± 20) MeV, respectively [31]. Then the Zc(3900) was
confirmed by the Belle and CLEO collaborations [32,33].
There have been several assignments, such as the molecular
state [34–38], tetraquark state [39–43], hadro-charmonium
[44], rescattering effect [45–48], etc.
In this article, we will focus on the scenario of molecular
states. In Ref. [49,50], Lee et al. take X (3872) as the D∗0 D¯0–
D0 D¯∗0 molecular state with J PC = 1++, study its mass with
the QCD sum rules by calculating the vacuum condensates
up to dimension-6 in the operator product expansion, and
they obtain the value MX (3872) = (3.88 ± 0.06) GeV. In
Ref. [51], Zhang and Huang study the masses of the Qq¯ Q¯q
type molecular states with QCD sum rules in a systematic
way by calculating the vacuum condensates up to dimension-
6. In Ref. [52], Matheus et al. take the X (3872) as a mix-
ture between charmonium and exotic molecular state with
J PC = 1++, study the mass MX (3872) and decay width
X (3872)→J/ψπ+π− with the QCD sum rules, and they con-
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clude that X (3872) is approximately 97 % a charmonium
state c¯c and 3 % a molecular state D∗ D¯. In Ref. [53], Zhang
et al. take the Zb(10610) as a bottomonium-like molecular
state B∗ B¯, study its mass with the QCD sum rules by calcu-
lating the vacuum condensates up to dimension-6, and they
obtain the value MZb = (10.54 ± 0.22) GeV. In Ref. [54],
Chen et al. take X (3872) as the J PC = 1++ mixed state of
the charmonium hybrid and D∗ D¯ molecular state, study its
mass with the QCD sum rules, and they observe that the mix-
ing is robust. In Ref. [55], Zhang takes Zc(3900) as the D∗ D¯
molecular state without distinguishing its charge conjuga-
tion, studies the mass with the QCD sum rules by calculating
the vacuum condensates up to dimension-9, and obtains the
value MZc = (3.86 ± 0.27) GeV.
In all those works [49–55], the M S masses are taken; how-
ever, the energy scales at which the QCD spectral densities
are calculated are either not shown explicitly or not specified,
and the energy-scale dependence of the QCD sum rules is not
studied. In the QCD sum rules for the hidden charmed (or
bottom) tetraquark states and molecular states, the integrals
s0∫
4m2Q
dsρQC D(s) exp
(
− s
T 2
)
, (1)
are sensitive to the heavy quark masses m Q , where the
ρQC D(s) denotes the QCD spectral densities and the T 2
denotes the Borel parameters. Variations of the heavy quark
masses lead to changes of integral ranges 4m2Q−s0 of the vari-
able ds besides the QCD spectral densities, therefore changes
of the Borel windows and predicted masses and pole residues.
Furthermore, in Refs. [49–55], the higher-dimensional vac-
uum condensates are neglected in one way or another. The
higher-dimensional vacuum condensates play an important
role in determining the Borel windows, although they play a
less important role in the Borel windows.
In Refs. [56–59], we focus on the scenario of tetraquark
states, distinguish the charge conjugations of the interpo-
lating currents, calculate the vacuum condensates up to
dimension-10 in the operator product expansion, study the
diquark–antidiquark type scalar, vector, axial-vector, ten-
sor hidden charm tetraquark states and axial-vector hidden
bottom tetraquark states systematically with the QCD sum
rules, make reasonable assignments of X (3872), Zc(3900),
Zc(3885), Zc(4020), Zc(4025), Z(4050), Z(4250), Y (4360),
Y (4630), Y (4660), Zb(10610), and Zb(10650). Further-
more, we explore the energy-scale dependence of the QCD
sum rules for the hidden charm and hidden bottom tetraquark
states in details for the first time, and we suggest a formula,
μ =
√
M2X/Y/Z − (2MQ)2 , (2)
with the effective masses Mc = 1.80 GeV and Mb =
5.13 GeV to determine the energy scales of the QCD spectral
densities, which works well.
In this article, we take X (3872), Zc(3900), and Zb(10610)
as the axial-vector hadronic molecular states, distinguish
the charge conjugations, construct both the color singlet–
singlet type currents and the color octet–octet type cur-
rents to interpolate them. We calculate the contributions
of the vacuum condensates up to dimension-10, study the
masses and pole residues, and we explore the energy-scale
dependence in detail so as to see whether or not the for-
mula μ =
√
M2X/Y/Z − (2MQ)2 survives in the case of the
molecular states, and we make tentative assignments of the
X (3872), Zc(3900), Zb(10610) in the scenario of molecular
states.
The article is arranged as follows: we derive the QCD sum
rules for the masses and pole residues of the axial-vector
molecular states in Sect. 2; in Sect. 3, we present the numer-
ical results and discussions; Sect. 4 is reserved for our con-
clusion.
2 QCD sum rules for the J P = 1+ molecular states
In the following, we write down the two-point correlation
functions μν(p) in the QCD sum rules,
μν(p) = i
∫
d4xeip·x 〈0|T {Jμ(x)J †ν (0)}|0〉 , (3)
J 0μ(x) =
u¯(x)iγ5 Q(x)Q¯(x)γμd(x) + t u¯(x)γμ Q(x)Q¯(x)iγ5d(x)√
2
, (4)
J 8μ(x) =
u¯(x)iγ5λa Q(x)Q¯(x)γμλad(x) + t u¯(x)γμλa Q(x)Q¯(x)iγ5λad(x)√
2
,
(5)
where t = ±1, Jμ(x) = J 0μ(x), J 8μ(x), the λa is the Gell-
Mann matrix. We construct the color singlet–singlet type (0-0
type) currents J 0μ(x) (see Refs. [49–55]) and color octet–octet
type (8-8 type) currents J 8μ(x) (see Refs. [60,61]) to study
the hadronic molecular states X (3872) (to be more precise,
the charged partner of the X (3872)), Zc(3900), Zb(10610),
etc. We can rearrange the 8-8 type currents J 8μ(x) in terms of
the following 0-0 type currents:
J 8μ(x) =
√
2
4
u¯(x)iγ5d(x)Q¯(x)γμQ(x)
+t
√
2
4
Q¯(x)iγ5 Q(x)u¯(x)γμd(x)
+
√
2i
4
u¯(x)γ5γαd(x)Q¯(x)γμγ α Q(x)
+t
√
2i
4
Q¯(x)γ5γα Q(x)u¯(x)γμγ αd(x)
123
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+
√
2i
8
u¯(x)γ5σαβd(x)Q¯(x)γμσαβ Q(x)
+t
√
2i
8
Q¯(x)γ5σαβ Q(x)u¯(x)γμσαβd(x)
+
√
2i
4
u¯(x)γαd(x)Q¯(x)γμγ αγ5 Q(x)
+t
√
2i
4
Q¯(x)γα Q(x)u¯(x)γμγ αγ5d(x)
+
√
2i
4
u¯(x)d(x)Q¯(x)γμγ5 Q(x)
+t
√
2i
4
Q¯(x)Q(x)u¯(x)γμγ5d(x)
−
√
2
3
u¯(x)iγ5 Q(x)Q¯(x)γμd(x)
−t
√
2
3
u¯(x)γμQ(x)Q¯(x)iγ5d(x) , (6)
with the identity
λai jλ
a
mn = 2δinδmj −
2
3
δi jδmn (7)
in the color space. The 8-8 type current can be taken as a
special superposition of the 0-0 type currents. Under a charge
conjugation transformation Ĉ , the currents Jμ(x) have the
properties
Ĉ Jμ(x)Ĉ−1 = ∓Jμ(x) |u↔d for t = ±1 . (8)
The values t = ∓1 correspond to the positive and negative
charge conjugations, respectively.
We can insert a complete set of intermediate hadronic
states with the same quantum numbers as the current opera-
tors Jμ(x) into the correlation functions μν(p) to obtain the
hadronic representation [62,63]. After isolating the ground
state contributions from the pole terms, we get the following
results:
μν(p) =
λ2X/Z
M2X/Z − p2
(
−gμν + pμ pνp2
)
+ · · ·
= (p)
(
−gμν + pμ pνp2
)
+ · · · , (9)
where the pole residues (or couplings) λX/Z are defined by
〈0|Jμ(0)|X/Z(p)〉 = λX/Z εμ , (10)
and the εμ are the polarization vectors of the axial-vector
mesons X (3872), Zc(3900), Zb(10610), etc.
Here we take a short digression to discuss the possible con-
taminations originate from the higher resonances and contin-
uum states. In the following, we will discuss the hidden charm
systems for simplicity, the conclusion survives in the hidden
bottom systems. In the nonrelativistic and heavy quark limit,
the C = + currents are reduced to the forms
u¯γ 5c c¯γ j d − u¯γ j c c¯γ 5d ∝ ξ†u ξc ξ†c
σ j
2
ξd − ξ†u
σ j
2
ξc ξ
†
c ξd ,
u¯γ j c c¯γ kd + u¯γ kc c¯γ j d ∝ ξ†u
σ j
2
ξc ξ
†
c
σ k
2
ξd
+ξ†u
σ k
2
ξc ξ
†
c
σ j
2
ξd , (11)
while the C = − currents are reduced to the forms
u¯γ 5c c¯γ j d + u¯γ j c c¯γ 5d ∝ ξ†u ξc ξ†c
σ j
2
ξd + ξ†u
σ j
2
ξc ξ
†
c ξd ,
u¯γ j c c¯γ kd − u¯γ kc c¯γ j d ∝ ξ†u
σ j
2
ξc ξ
†
c
σ k
2
ξd
−ξ†u
σ k
2
ξc ξ
†
c
σ j
2
ξd , (12)
where the ξc,u,d are the two-component quark fields and
the σ i are the Pauli matrices. The bilinear fields ξ†i ξ j and
ξ
†
i
σ k
2 ξ j have the spins 0 and 1, respectively, and they couple
to (pseudo-) scalar and (axial-) vector meson fields, respec-
tively. The currents J 0μ with C = ± couple potentially to
the DD¯∗∓D∗ D¯√
2
molecular or scattering states, while the cur-
rents J 0μν = u¯γμc c¯γνd ± u¯γνc c¯γμd with C = ± couple
potentially to the D∗ D¯∗ molecular or scattering states.
On the other hand, the octet currents are reduced to the
following forms:
u¯iγ 5λac c¯λaγ j d ∝ ξ†u λaξc ξ†c λa
σ j
2
ξd
= 4ξ†u
σ k
2
σ j
2
ξd ξ
†
c
σ k
2
ξc+ξ†u
σ j
2
ξd ξ
†
c ξc−
2
3
ξ†u ξc ξ
†
c
σ j
2
ξd
= ξ†u ξd ξ†c
σ j
2
ξc − 2i jkξ†u
σ i
2
ξd ξ
†
c
σ k
2
ξc
+ξ†u
σ j
2
ξd ξ
†
c ξc −
2
3
ξ†u ξc ξ
†
c
σ j
2
ξd ,
u¯λaγ j c c¯λaγ kd ∝ ξ†u λa
σ j
2
ξc ξ
†
c λ
a σ
k
2
ξd
= 4ξ†u
σ i
2
σ k
2
ξd ξ
†
c
σ i
2
σ j
2
ξc + ξ†u
σ k
2
ξd ξ
†
c
σ j
2
ξc
−2
3
ξ†u
σ j
2
ξc ξ
†
c
σ k
2
ξd
= δ jk
4
ξ†u ξd ξ
†
c ξc +
1
2
 jkmξ†u
σm
2
ξd ξ
†
c ξc
+1
2
k jmξ†u ξd ξ
†
c
σm
2
ξc
+ikmi jnξ†u
σm
2
ξd ξ
†
c
σ n
2
ξc + ξ†u
σ k
2
ξd ξ
†
c
σ j
2
ξc
−2
3
ξ†u
σ j
2
ξc ξ
†
c
σ k
2
ξd . (13)
The octet current J 8μ = u¯iγ 5λac c¯λaγμd couples potentially
to the J/ψπ ,ψ(3770)π ,ηcρ, J/ψρ, DD¯∗ molecular or scat-
tering states. The octet current J 8μν = u¯λaγμc c¯λaγνd cou-
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2891 Page 4 of 14 Eur. Phys. J. C (2014) 74:2891
ples potentially to the ηcπ , ηcρ, J/ψπ , ψ(3770)π , J/ψρ,
and D∗ D¯∗ molecular or scattering states. In this article, we
take the currents J 0,8μ , not the currents J 0,8μν ; the D∗ D¯∗ molec-
ular or scattering states have no contaminations.
In the scenario of meta-stable Feshbach resonances,
X (3872), Zc(3900), Zc(4025), Zb(10610), and Zb(10650)
are taken as the J/ψρ – DD¯∗, ψ(3770)π – DD¯∗, hc(2P)π
– D∗ D¯∗, χb0ρ – B B¯∗, χb1ρ – B∗ B¯∗ hadro-charmonium-
molecule mixed states, respectively, where χb0ρ and χb1ρ
are P-wave systems [64]. The hadro-charmonium system
admits bound states giving rise to a discrete spectrum of lev-
els, a resonance occurs if one of such levels falls close to
some open-charm threshold, as the coupling between chan-
nels leads to an attractive interaction and favors the formation
of a meta-stable Feshbach resonance. The couplings of the
currents Jμ to the near-threshold hadro-charmonium states
J/ψρ, ψ(3770)π and χb0ρ contribute to the molecular states
X (3872), Zc(3900), and Zb(10610), respectively.
Now we study the contributions of the intermediate meson
loops (or the scattering states DD∗, J/ψπ , J/ψρ, etc.) to
the correlation functions μν(p),
μν(p) = −
λ̂2X/Z
p2 − M̂2X/Z
g˜μν(p)
− λ̂X/Z
p2 − M̂2X/Z
g˜μα(p)DD∗ (p)g˜αβ(p)g˜βν(p)
λ̂X/Z
p2 − M̂2X/Z
− λ̂X/Z
p2 − M̂2X/Z
g˜μα(p)J/ψπ (p)g˜αβ(p)g˜βν(p)
λ̂X/Z
p2 − M̂2X/Z
− λ̂X/Z
p2 − M̂2X/Z
g˜μα(p)
αβ
J/ψρ(p)g˜βν(p)
λ̂X/Z
p2 − M̂2X/Z
+ · · · ,
= −
λ̂2X/Z
p2 − M̂2X/Z − DD∗ (p) − J/ψπ (p) − J/ψρ(p) + · · ·
× g˜μν(p) + · · · , (14)
where
DD∗ (p) = i
∫ d4q
(2π)4
G2X/Z DD∗[
q2 − M2D
] [
(p − q)2 − M2D∗
] , (15)
J/ψπ (p) = i
∫ d4q
(2π)4
G2X/Z J/ψπ[
q2 − M2J/ψ
] [
(p − q)2 − M2π
] , (16)

αβ
J/ψρ(p) = i
∫ d4q
(2π)4
×
G2X/Z J/ψρ
αθστ βθ
′σ ′τ ′ pτ pτ ′ g˜θθ ′ (q)g˜σσ ′ (p − q)[
q2 − M2J/ψ
] [
(p − q)2 − M2ρ
] ,
= J/ψρ(p)g˜αβ(p) + 1J/ψρ(p)
pα pβ
p2
, (17)
g˜μν(p) = −gμν + pμ pνp2 , G X/Z DD∗ , G X/Z J/ψπ , and
G X/Z J/ψρ are hadronic coupling constants, the λ̂X/Z and
M̂X/Z are bare quantities to absorb the divergences in the
self-energies DD∗(p), J/ψπ (p), J/ψρ(p), etc.
The renormalized self-energies contribute a finite imagi-
nary part to modify the dispersion relation:
μν(p) = −
λ2X/Z
p2 − M2X/Z + i
√
p2(p2)
g˜μν(p) + · · · ,
(18)
the physical widths Zc(3900)(M2Z ) = (46 ± 10 ± 20) MeV
and X (3872)(M2X ) < 1.2 MeV are small enough, and the
zero width approximation in the hadronic spectral densities
works. The discussion survives in the hidden bottom sys-
tems according to the small physical widths, Zb(10610) =
(18.4 ± 2.4) MeV and Zb(10650) = (11.5 ± 2.2) MeV. The
contaminations of the intermediate meson loops are expected
to be small.
In the following, we briefly outline the operator product
expansion for the correlation functions μν(p) in perturba-
tive QCD. We contract the quark fields in the correlation func-
tions μν(p) with the Wick theorem and obtain the results
0μν(p) = −
i
2
δ jkδmnδk′ j ′δn′m′
∫
d4xeip·x
×
{
Tr
[
γ5Skk
′
Q (x)γ5S
j ′ j (−x)
]
Tr
[
γμSnn
′
(x)γν Sm
′m
Q (−x)
]
+ Tr
[
γμSkk
′
Q (x)γν S
j ′ j (−x)
]
Tr
[
γ5Snn
′
(x)γ5Sm
′m
Q (−x)
]
±Tr
[
γμSkk
′
Q (x)γ5S
j ′ j (−x)
]
Tr
[
γ5Snn
′
(x)γν Sm
′m
Q (−x)
]
±Tr
[
γ5Skk
′
Q (x)γν S
j ′ j (−x)
]
Tr
[
γμSnn
′
(x)γ5Sm
′m
Q (−x)
]}
,
(19)
8μν(p) = 0μν(p) |δ jkδmnδk′ j ′ δn′m′→λajkλamnλbk′ j ′λbn′m′ (20)
where ∓ correspond to the positive and negative charge con-
jugations, respectively, Si j (x) and Si jQ (x) are the full light
and heavy quark propagators, respectively,
Si j (x) = iδi j  x
2π2x4
− δi j 〈q¯q〉
12
− δi j x
2〈q¯gsσGq〉
192
− igs G
a
αβ t
a
i j ( xσαβ + σαβ  x)
32π2x2
− iδi j x
2  xg2s 〈q¯q〉2
7776
−δi j x
4〈q¯q〉〈g2s GG〉
27648
− 1
8
〈q¯ jσμνqi 〉σμν
−1
4
〈q¯ jγ μqi 〉γμ + · · · , (21)
Si jQ (x) =
i
(2π)4
∫
d4ke−ik·x
{
δi j
 k − m Q −
gs Gnαβ t
n
i j
4
× σ
αβ( k + m Q) + ( k + m Q)σαβ
(k2 − m2Q)2
+gs DαG
n
βλt
n
i j ( f λβα + f λαβ)
3(k2 − m2Q)4
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−g
2
s (t
atb)i j GaαβGbμν( f αβμν + f αμβν + f αμνβ)
4(k2 − m2Q)5
+ · · ·
}
,
f λαβ = ( k + m Q)γ λ( k + m Q)γ α( k + m Q)γ β( k + m Q) ,
f αβμν = ( k + m Q)γ α( k + m Q)γ β( k + m Q)γ μ
× ( k + m Q)γ ν( k + m Q) , (22)
and tn = λn2 , Dα = ∂α − igs Gnαtn [63]. We then compute
the integrals both in the coordinate and momentum spaces,
and we obtain the correlation functions μν(p) and there-
fore the spectral densities at the level of quark–gluon degrees
of freedom. In Eq. (21), we retain the terms 〈q¯ jσμνqi 〉 and
〈q¯ jγμqi 〉 originate from the Fierz re-ordering of the 〈qi q¯ j 〉
to absorb the gluons emitted from the heavy quark lines to
form 〈q¯ j gs Gaαβ tamnσμνqi 〉 and 〈q¯ jγμqi gs DνGaαβ tamn〉 so as
to extract the mixed condensate and four-quark condensates
〈q¯gsσGq〉 and g2s 〈q¯q〉2, respectively.
Once analytical results are obtained, we can take the
quark–hadron duality and perform the Borel transform with
respect to the variable P2 = −p2 to obtain the following
QCD sum rules:
λ2X/Z exp
(
− M
2
X/Z
T 2
)
=
s0∫
4m2Q
ds ρ0/8(s) exp
(
− s
T 2
)
,
(23)
where
ρ0/8(s) = ρ0/80 (s) + ρ0/83 (s) + ρ0/84 (s) + ρ0/85 (s)
+ρ0/86 (s) + ρ0/87 (s) + ρ0/88 (s) + ρ0/810 (s) , (24)
ρ00 (s) =
1
4096π6
y f∫
yi
dy
1−y∫
zi
dz yz (1 − y − z)3
×
(
s − m2Q
)2 (
35s2 − 26sm2Q + 3m4Q
)
, (25)
ρ80(s) =
1
1152π6
y f∫
yi
dy
1−y∫
zi
dz yz (1 − y − z)3
×
(
s − m2Q
)2 (
35s2 − 26sm2Q + 3m4Q
)
, (26)
ρ03 (s) = −
3m Q〈q¯q〉
256π4
y f∫
yi
dy
1−y∫
zi
dz (y + z)(1 − y − z)
×
(
s − m2Q
) (
7s − 3m2Q
)
, (27)
ρ83(s) = −
m Q〈q¯q〉
24π4
y f∫
yi
dy
1−y∫
zi
dz (y + z)(1 − y − z)
×
(
s − m2Q
) (
7s − 3m2Q
)
, (28)
ρ04 (s) = −
m2Q
3072π4
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
(
z
y2
+ y
z2
)
× (1 − y − z)3
{
8s − 3m2Q + m4Q δ
(
s − m2Q
)}
+ 1
1024π4
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
× (y + z)(1 − y − z)2 s (5s − 4m2Q) , (29)
ρ84(s) = −
m2Q
864π4
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
(
z
y2
+ y
z2
)
× (1 − y − z)3
{
8s − 3m2Q + m4Q δ
(
s − m2Q
)}
− 1
2304π4
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz (y + z)
× (1 − y − z)2 s (5s − 4m2Q)
+ t m
2
Q
1152π4
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
(
s − m2Q
)
×
{
7 − 2
(
1
y
+ 1
z
)
(1 − y − z)
+ 7(1 − y − z)
2
2yz
− 7(1 − y − z)
2
+
(
1
y
+ 1
z
)
(1 − y − z)2
2
− 7(1 − y − z)
3
12yz
}
,
(30)
ρ05 (s) =
3m Q〈q¯gsσGq〉
512π4
y f∫
yi
dy
1−y∫
zi
dz (y + z)
(
5s − 3m2Q
)
−3m Q〈q¯gsσGq〉
256π4
y f∫
yi
dy
1−y∫
zi
dz
(
y
z
+ z
y
)
× (1 − y − z)
(
2s − m2Q
)
, (31)
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ρ85(s) =
m Q〈q¯gsσGq〉
48π4
y f∫
yi
dy
1−y∫
zi
dz (y + z)
(
5s − 3m2Q
)
+m Q〈q¯gsσGq〉
192π4
y f∫
yi
dy
1−y∫
zi
dz
(
y
z
+ z
y
)
× (1 − y − z)
(
2s − m2Q
)
+t m Q〈q¯gsσGq〉
576π4
y f∫
yi
dy
1−y∫
zi
dz
(
y
z
+ z
y
)
× (1 − y − z)
(
5s − 3m2Q
)
, (32)
ρ06 (s) =
m2Q〈q¯q〉2
16π2
y f∫
yi
dy + g
2
s 〈q¯q〉2
864π4
y f∫
yi
dy
1−y∫
zi
dz yz
×
{
8s − 3m2Q + m4Q δ
(
s − m2Q
)}
−g
2
s 〈q¯q〉2
576π4
y f∫
yi
dy
1−y∫
zi
dz (1 − y − z)
×
{(
z
y
+ y
z
)(
7s − 4m2Q
)
+ 1
3
(
z
y2
+ y
z2
)
m2Q
[
7 + 5m2Q δ
(
s − m2Q
)]
−1
3
(y + z)
(
4s − 3m2Q
)}
, (33)
ρ86(s) =
2m2Q〈q¯q〉2
9π2
y f∫
yi
dy + g
2
s 〈q¯q〉2
243π4
y f∫
yi
dy
1−y∫
zi
dz yz
×
{
8s − 3m2Q + m4Q δ
(
s − m2Q
)}
+g
2
s 〈q¯q〉2
1296π4
y f∫
yi
dy
1−y∫
zi
dz (1 − y − z)
×
{(
z
y
+ y
z
)(
7s − 4m2Q
)
+1
3
(
z
y2
+ y
z2
)
m2Q
[
7 + 5m2Q δ
(
s − m2Q
)]
−1
3
(y + z)
(
4s − 3m2Q
)}
− g
2
s 〈q¯q〉2
1944π4
y f∫
yi
dy
×
1−y∫
zi
dz (1 − y − z)
{
3
(
z
y
+ y
z
)(
2s − m2Q
)
+
(
z
y2
+ y
z2
)
m2Q
[
1 + m2Q δ
(
s − m2Q
)]
+2(y + z)
[
8s − 3m2Q + m4Q δ
(
s − m2Q
)]}
,
(34)
ρ07 (s) =
m3Q〈q¯q〉
1536π2
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
×
(
y
z3
+ z
y3
+ 1
y2
+ 1
z2
)
(1 − y − z)
×
(
1 + 2m
2
Q
T 2
)
δ
(
s − m2Q
)
−3m Q〈q¯q〉
256π2
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
(
y
z2
+ z
y2
)
× (1 − y − z)
{
1 + 2m
2
Q
3
δ
(
s − m2Q
)}
−m Q〈q¯q〉
128π2
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
×
{
1 + 2m
2
Q
3
δ
(
s − m2Q
)}
− m Q〈q¯q〉
512π2
〈
αs GG
π
〉
×
y f∫
yi
dy
{
1 + 2m˜
2
Q
3
δ
(
s − m˜2Q
)}
, (35)
ρ87(s) =
m3Q〈q¯q〉
432π2
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
×
(
y
z3
+ z
y3
+ 1
y2
+ 1
z2
)
(1 − y − z)
×
(
1 + 2m
2
Q
T 2
)
δ
(
s − m2Q
)
− m Q〈q¯q〉
24π2
〈
αs GG
π
〉 y f∫
yi
dy
×
1−y∫
zi
dz
(
y
z2
+ z
y2
)
(1 − y − z)
{
1+2m
2
Q
3
δ
(
s − m2Q
)}
+m Q〈q¯q〉
288π2
〈
αs GG
π
〉 y f∫
yi
dy
1−y∫
zi
dz
{
1+2m
2
Q
3
δ
(
s−m2Q
)}
+t m Q〈q¯q〉
144π2
〈
αs GG
π
〉 y f∫
yi
dy
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×
1−y∫
zi
dz
{
1 − 7
(
1
y
+ 1
z
)
1 − y − z
4
}
×
{
1 + 2m
2
Q
3
δ
(
s − m2Q
)}
− m Q〈q¯q〉
144π2
〈
αs GG
π
〉 y f∫
yi
dy
×
{
1 + 2m˜
2
Q
3
δ
(
s − m˜2Q
)}
, (36)
ρ08 (s) = −
m2Q〈q¯q〉〈q¯gsσGq〉
32π2
1∫
0
dy
(
1 + m˜
2
Q
T 2
)
× δ
(
s − m˜2Q
)
+ m
2
Q〈q¯q〉〈q¯gsσGq〉
64π2
1∫
0
dy
(
1
y
+ 1
1 − y
)
× δ
(
s − m˜2Q
)
, (37)
ρ88(s) = −
m2Q〈q¯q〉〈q¯gsσGq〉
9π2
1∫
0
dy
(
1 + m˜
2
Q
T 2
)
× δ
(
s − m˜2Q
)
− m
2
Q〈q¯q〉〈q¯gsσGq〉
144π2
×
1∫
0
dy
(
1
y
+ 1
1 − y
)
δ
(
s − m˜2Q
)
− t 〈q¯q〉〈q¯gsσGq〉
144π2
×
y f∫
yi
dy
{
1 + 2m˜
2
Q
3
δ
(
s − m˜2Q
)}
, (38)
ρ010(s) =
m2Q〈q¯gsσGq〉2
256π2T 6
1∫
0
dy m˜4Q δ
(
s − m˜2Q
)
−m
4
Q〈q¯q〉2
288T 4
〈
αs GG
π
〉 1∫
0
dy
{
1
y3
+ 61
(1 − y)3
}
×δ
(
s−m˜2Q
)
+m
2
Q〈q¯q〉2
96T 2
〈
αs GG
π
〉 1∫
0
dy
{
1
y2
+ 1
(1 − y)2
}
×δ
(
s − m˜2Q
)
− m
2
Q〈q¯gsσGq〉2
256π2T 4
1∫
0
dy
(
1
y
+ 1
1 − y
)
m˜2Q
×δ
(
s − m˜2Q
)
+ t 〈q¯gsσGq〉
2
20736π2
1∫
0
dy
(
1 + 2m˜
2
Q
T 2
)
×δ
(
s − m˜2Q
)
+ m
2
Q〈q¯q〉2
288T 6
〈
αs GG
π
〉 1∫
0
dy m˜4Q
×δ
(
s − m˜2Q
)
, (39)
ρ810(s) =
m2Q〈q¯gsσGq〉2
72π2T 6
1∫
0
dy m˜4Q δ
(
s − m˜2Q
)
− m
4
Q〈q¯q〉2
81T 4
〈
αs GG
π
〉 1∫
0
dy
{
1
y3
+ 1
(1−y)3
}
δ
(
s−m˜2Q
)
+ m
2
Q〈q¯q〉2
27T 2
〈
αs GG
π
〉 1∫
0
dy
{
1
y2
+ 1
(1−y)2
}
δ
(
s − m˜2Q
)
+ 7t 〈q¯q〉
2
1296
〈
αs GG
π
〉 1∫
0
dy
(
1 + 2m˜
2
Q
T 2
)
δ
(
s − m˜2Q
)
+ m
2
Q〈q¯gsσGq〉2
576π2T 4
1∫
0
dy
(
1
y
+ 1
1 − y
)
m˜2Q δ
(
s − m˜2Q
)
+ t 〈q¯gsσGq〉
2
864π2
1∫
0
dy
(
1 + 3m˜
2
Q
2T 2
+ m˜
4
Q
T 4
)
δ
(
s − m˜2Q
)
+ t 〈q¯gsσGq〉
2
5832π2
1∫
0
dy
(
1 + 2m˜
2
Q
T 2
)
δ
(
s − m˜2Q
)
+ m
2
Q〈q¯q〉2
81T 6
〈
αs GG
π
〉 1∫
0
dy m˜4Q δ
(
s − m˜2Q
)
, (40)
the subscripts 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions
of the vacuum condensates, the superscripts 0, 8 denote the
0-0 type and 8-8 type interpolating currents, respectively;
y f =
1+
√
1−4m2Q/s
2 , yi =
1−
√
1−4m2Q/s
2 , zi =
ym2Q
ys−m2Q
, m2Q =
(y+z)m2Q
yz , m˜
2
Q =
m2Q
y(1−y) ,
∫ y f
yi dy →
∫ 1
0 dy,
∫ 1−y
zi
dz →
∫ 1−y
0 dz when the δ functions δ
(
s − m2Q
)
and δ
(
s − m˜2Q
)
appear.
In this article, we carry out the operator product expan-
sion to the vacuum condensates up to dimension-10, and we
assume vacuum saturation for the higher-dimensional vac-
uum condensates. The condensates
〈
αs
π
GG
〉
, 〈q¯q〉 〈αs
π
GG
〉
,
〈q¯q〉2 〈αs
π
GG
〉
, 〈q¯gsσGq〉2 and g2s 〈q¯q〉2 are the vacuum
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expectations of the operators of the order O(αs). The four-
quark condensate g2s 〈q¯q〉2 comes from the terms
〈
q¯γμtaqgs
DηGaλτ
〉
,
〈
q¯ j D†μD†ν D†αqi
〉
and 〈q¯ j DμDν Dαqi 〉, rather than
from the perturbative corrections of 〈q¯q〉2. The condensates
〈g3s GGG〉,
〈
αs GG
π
〉2
,
〈
αs GG
π
〉
〈q¯gsσGq〉 have the dimensions
6, 8, 9, respectively, but they are the vacuum expectations
of the operators of the order O
(
α
3/2
s
)
, O (α2s
)
, O
(
α
3/2
s
)
,
respectively, and they are discarded. We take the trunca-
tions n ≤ 10 and k ≤ 1 in a consistent way; the opera-
tors of the orders O(αks ) with k > 1 are discarded. Fur-
thermore, the values of the condensates
〈
g3s GGG
〉
,
〈
αs GG
π
〉2
,〈
αs GG
π
〉
〈q¯gsσGq〉 are very small, and they can be neglected
safely.
We differentiate Eq. (23) with respect to 1T 2 , eliminate the
pole residues λX/Z , and we obtain the QCD sum rules for the
masses,
M2X/Z =
∫ s0
4m2Q
ds dd(−1/T 2)ρ
0/8(s)e
− s
T 2
∫ s0
4m2Q
dsρ0/8(s)e−
s
T 2
. (41)
3 Numerical results and discussions
The input parameters are taken to be the standard values
〈q¯q〉 = −(0.24 ± 0.01 GeV)3, 〈q¯gsσGq〉 = m20〈q¯q〉,
m20 = (0.8 ± 0.1) GeV2,
〈
αs GG
π
〉
= (0.33 GeV)4 at the
energy scale μ = 1 GeV [62,63,65,66]. The quark conden-
sate and mixed quark condensate evolve with the renormal-
ization group equation, 〈q¯q〉(μ) = 〈q¯q〉(Q)
[
αs (Q)
αs (μ)
] 4
9
and
〈q¯gsσGq〉(μ) = 〈q¯gsσGq〉(Q)
[
αs (Q)
αs (μ)
] 2
27
.
In the article, we take the M S masses mc(mc) = (1.275±
0.025) GeV and mb(mb) = (4.18±0.03) GeV from the Par-
ticle Data Group [67], and we take into account the energy-
scale dependence of the M S masses from the renormalization
group equation,
mc(μ) = mc(mc)
[
αs(μ)
αs(mc)
] 12
25
,
mb(μ) = mb(mb)
[
αs(μ)
αs(mb)
] 12
23
,
αs(μ) = 1b0t
[
1 − b1
b20
log t
t
+b
2
1(log
2 t − log t − 1) + b0b2
b40t2
]
, (42)
where t = log μ2
2
, b0 = 33−2n f12π , b1 = 153−19n f24π2 , b2 =
2857− 50339 n f + 32527 n2f
128π3 ,  = 213, 296 and 339 MeV for the fla-
vors n f = 5, 4, and 3, respectively [67].
We tentatively take the threshold parameters of the
axial-vector molecular states X (3872) (or Zc(3900)) and
Zb(10610) as s0= (18.5–20.5) and (122–126) GeV2, respec-
tively, to avoid the contaminations of the higher resonances
and continuum states, and we search for the optimal values
to satisfy the two criteria (pole dominance and convergence
of the operator product expansion) of the QCD sum rules.
In this article, we assume that the energy gap between the
ground states and the first radial excited states is about (0.4–
0.6) GeV, just like that of the conventional mesons.
The correlation functions (p) can be written as
(p) =
∑
n
Cn(p2, μ)〈On(μ)〉 =
∞∫
4m2Q(μ)
ds
ρQC D(s, μ)
s − p2
=
s0∫
4m2Q(μ)
ds
ρQC D(s, μ)
s − p2 +
∞∫
s0
ds
ρQC D(s, μ)
s − p2 , (43)
at the QCD side, where the Cn(p2, μ) are the Wilson coef-
ficients and the 〈On(μ)〉 are the vacuum condensates of
dimension-n. The short-distance contributions at p2 > μ2
are included in the coefficients Cn(p2, μ), the long-distance
contributions at p2 < μ2 are absorbed into the vacuum
condensates 〈On(μ)〉. If μ  QCD, the Wilson coeffi-
cients Cn(p2, μ) depend only on the short-distance dynam-
ics, while the long-distance effects are taken into account by
the vacuum condensates 〈On(μ)〉.
The correlation functions (p) are scale independent,
d
dμ
(p) = 0, (44)
which does not mean
d
dμ
s0∫
4m2Q(μ)
ds
ρQC D(s, μ)
s − p2 → 0 , (45)
in the present case due to the following two reasons:
• Perturbative corrections are neglected, the higher-
dimensional vacuum condensates are factorized into lower-
dimensional ones therefore the energy-scale dependence
of the higher-dimensional vacuum condensates is modi-
fied.
• Truncations s0 set in, the correlation between the thresh-
old 4m2Q(μ) and continuum threshold s0 is unknown, the
quark–hadron duality is an assumption.
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Fig. 1 The masses with variations of the Borel parameters T 2 and energy scales μ, where the (I) and (II) denote the 0-0 type hidden charm and
hidden bottom molecular states, respectively; the horizontal lines denote the experimental values; the C = ± denote the charge conjugations
We perform the Borel transform with respect to the vari-
able P2 = −p2 at the QCD side and obtain the result
s0∫
4m2Q(μ)
ds
ρQC D(s, μ)
s − p2 →
s0∫
4m2Q(μ)
ds
ρQC D(s, μ)
T 2
exp
(
− s
T 2
)
.
(46)
The QCD sum rules are characterized by two energy scales
μ2 and T 2. The Borel parameters T 2 have to be small enough
such that the contributions from the higher resonances and
continuum states are damped sufficiently. On the other hand,
the Borel parameters T 2 must be large enough so that the
higher-dimensional vacuum condensates are suppressed suf-
ficiently.
The heavy tetraquark system Q Q¯q ′q¯ could be described
by a double-well potential with two light quarks q ′q¯ lying in
the two wells, respectively. In the heavy quark limit, the c (and
b) quark can be taken as a static well potential, which binds
the light quark q ′ to form a diquark in the color antitriplet
channel or binds the light antiquark q¯ to form a meson in the
color singlet channel (or a meson-like state in the color octet
channel). Then the heavy tetraquark states are characterized
by the effective heavy quark masses MQ (or constituent quark
masses) and the virtuality V =
√
M2X/Y/Z − (2MQ)2 (or
bound energy not as robust). The effective masses MQ have
uncertainties, the optimal values in the diquark–antidiquark
systems are not necessary the ideal values in the meson-
meson systems.
Now the QCD sum rules have three typical energy scales:
μ2, T 2, and V 2. It is natural to take the energy scale
μ2 = V 2 = O(T 2) . (47)
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Fig. 2 The pole contributions with variations of the Borel parameters
T 2 and threshold parameters s0, where the (I) and (II) denote the 0-0
type hidden charm and hidden bottom molecular states, respectively;
A, B, C , D, E , and F denote the threshold parameters s0 = 16.5, 17.5,
18.5, 19.5, 20.5, and 21.5 GeV2, respectively, for the hidden charm
molecular states, s0 = 118, 120, 122, 124, 126, and 128 GeV2, respec-
tively, for the hidden bottom molecular states; the C = ± denote the
charge conjugations
In Figs. 1, 2, and 3, we will plot only the lines for the
0-0 type molecular states for simplicity. In Fig. 1, the masses
are plotted with variations of the Borel parameters T 2 and
energy scales μ with the threshold parameters s0 = 19.5 and
124 GeV2 for the 0-0 type hidden charm and hidden bottom
molecular states, respectively. From the figure, we can see
that the masses decrease monotonously with increase of the
energy scales, just like that of the tetraquark states [56–59].
If the energy-scale formula μ =
√
M2X/Y/Z − (2MQ)2 with
the effective masses Mc = 1.80 GeV and Mb = 5.13 GeV is
also an acceptable choice in the case of the hadronic molecu-
lar states, the energy scales μ = 1.5 and 2.7 GeV for the hid-
den charm and hidden bottom molecular states, respectively,
should reproduce the experimental values of the masses of
X (3872), Zc(3900), and Zb(10610).
In calculations, we observe that the effective masses Mc =
1.80 GeV and Mb = 5.13 GeV are acceptable values (if the
uncertainties of the QCD sum rules are taken into account)
but not the optimal values to reproduce the experimen-
tal values of the masses of X (3872), Zc(3900), Zc(4020),
Zc(4025), Y (4140), Zb(10610), and Zb(10650) consistently
in the scenario of molecular states [68]. The energy scales
μ = 1.3 and 2.6 GeV are the optimal energy scales to
reproduce the experimental data MX (3872) = 3.87 GeV,
MZc(3900) = 3.90 GeV, MZb(10610) = 10.61 GeV (also the
experimental values of the masses of Zc(4020), Zc(4025),
and Y (4140), and Zb(10650) [68]) approximately. The mod-
ified values Mc = 1.84 GeV and Mb = 5.14 GeV work
for the hadronic molecular states, and they can be used to
update the QCD sum rules for the heavy molecular states
[69–72].
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Fig. 3 The contributions of different terms in the operator product
expansion with variations of the Borel parameters T 2, where the (I) and
(II) denote the 0-0 type hidden charm and hidden bottom molecular
states, respectively; the 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions of
the vacuum condensates; the C = ± denote the charge conjugations
Table 1 The Borel parameters, continuum threshold parameters, pole contributions, masses, and pole residues of the 0-0 type and 8-8 type molecular
states
J PC T 2(GeV2) s0(GeV2) Pole MX/Z (GeV) λX/Z (GeV5)
1++ (u¯cc¯d)0−0 2.2–2.8 19.5 ± 1 (49–80) % 3.89+0.09−0.09 1.72+0.29−0.25 × 10−2
1+− (u¯cc¯d)0−0 2.2–2.8 19.5 ± 1 (49–80) % 3.89+0.09−0.09 1.72+0.29−0.25 × 10−2
1++ (u¯bb¯d)0−0 7.2–8.0 124 ± 2 (47–65) % 10.61+0.10−0.09 1.13+0.17−0.14 × 10−1
1+− (u¯bb¯d)0−0 7.2–8.0 124 ± 2 (47–65) % 10.61+0.10−0.09 1.13+0.17−0.14 × 10−1
1++ (u¯cc¯d)8−8 2.6–3.3 22 ± 1 (51–80) % 4.08+0.10−0.10 5.70+0.98−0.81 × 10−2
1+− (u¯cc¯d)8−8 2.6–3.3 22 ± 1 (50–79) % 4.10+0.09−0.10 5.75+0.97−0.80 × 10−2
1++ (u¯bb¯d)8−8 7.4–8.2 126 ± 2 (50–67) % 10.66+0.11−0.08 2.63+0.37−0.32 × 10−1
1+− (u¯bb¯d)8−8 7.4–8.2 126 ± 2 (50–67) % 10.66+0.11−0.09 2.63+0.37−0.31 × 10−1
In Fig. 2, the contributions of the pole terms are plot-
ted with variations of the threshold parameters s0 and Borel
parameters T 2 at the energy scales μ = 1.3 and 2.6 GeV
for the 0-0 type hidden charm and hidden bottom molec-
ular states, respectively. In Fig. 3, the contributions of dif-
ferent terms in the operator product expansion are plotted
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Fig. 4 The masses of the 0-0 type molecular states with variations of the Borel parameters T 2, where the horizontal lines denote the experimental
values; the (I) and (II) denote the hidden charm and hidden bottom molecular states, respectively; the C = ± denote the charge conjugations
with variations of the Borel parameters T 2 with the param-
eters s0 = 19.5 GeV2, μ = 1.3 GeV, and s0 = 124 GeV2,
μ = 2.6 GeV for the 0-0 type hidden charm and hidden bot-
tom molecular states, respectively. From the figures, we can
choose the optimal Borel parameters and threshold param-
eters to satisfy the two criteria of the QCD sum rules. The
Borel parameters, continuum threshold parameters and the
pole contributions are shown explicitly in Table 1.
We take into account all uncertainties of the input parame-
ters, and we obtain the values of the masses and pole residues
of the molecular states, which are shown in Table 1 and
Figs. 4, 5.
The masses of the 0-0 type molecular states u¯cc¯d(1++),
u¯cc¯d(1+−), and u¯bb¯d(1+−) are consistent with that of
X (3872), Zc(3900), and Zb(10610), respectively, within
uncertainties,
Mu¯cc¯d,1++,(0−0) =
(
3.89+0.09−0.09
)
GeV ≈ MX (3872)
= (3871.68 ± 0.17) MeV (exp)[34] , (48)
Mu¯cc¯d,1+−,(0−0) =
(
3.89+0.09−0.09
)
GeV ≈ MZc(3900)
= (3899.0 ± 3.6 ± 4.9) MeV (exp)[12] ,
(49)
Mu¯bb¯d,1+−,(0−0) =
(
10.61+0.10−0.09
)
GeV ≈ MZb(10610)
= (10607.2 ± 2.0) MeV (exp)[6] . (50)
The present predictions favor assigning X (3872), Zc(3900),
and Zb(10610) as the S-wave D∗ D¯, D∗ D¯ and B∗ B¯ molec-
ular states, respectively, while our previous work favors
assigning X (3872), Zc(3900), and Zb(10610) as the diquark–
antidiquark type tetraquark states [56,59].
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Fig. 5 The masses of the 8-8 type molecular states with variations of the Borel parameters T 2, where the horizontal lines denote the experimental
values; the (I) and (II) denote the hidden charm and hidden bottom molecular states, respectively; the C = ± denote the charge conjugations
Although the mass is a fundamental parameter in describ-
ing a hadron, a hadron cannot be identified unambiguously
by the mass alone, more theoretical and experimental works
on the productions and decays are still needed to identify
X (3872), Zc(3900), and Zb(10610). At the present time, it
is still an open problem. From Table 1, we can see that the
charge conjugation partners have almost degenerate masses,
and the 8-8 type molecular states have larger masses than
that of the 0-0 type molecular states. The present predictions
can be confronted with the experimental data in the future at
BESIII, LHCb, and Belle-II.
4 Conclusion
In this article, we take X (3872), Zc(3900), and Zb(10610)
as the molecular states, construct both the color singlet–
singlet type and the color octet–octet type currents to inter-
polate them, and we calculate the vacuum condensates up
to dimension-10 in the operator product expansion. Then
we study the axial-vector hidden charmed and hidden bot-
tom molecular states with the QCD sum rules, explore the
energy-scale dependence in detail for the first time, and use
the energy-scale formula μ =
√
M2X/Y/Z − (2MQ)2 sug-
gested in our previous works with the modified effective
masses Mc = 1.84 GeV and Mb = 5.14 GeV to determine
the energy scales of the QCD spectral densities. The energy-
scale formula works well for both the hidden charm (or
bottom) molecular states and tetraquark states. In the QCD
sum rules for the hidden charm (or bottom) tetraquark states
and molecular states, the hadronic masses and pole residues
are sensitive to the heavy quark masses m Q , the energy-
scale formula has an outstanding advantage in determining
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the m Q . The numerical results support assigning X (3872),
Zc(3900), and Zb(10610)) as the 0-0 type molecular states
with J PC = 1++, 1+−, 1+−, respectively; while there are
no candidates for the 8-8 type molecular states. The present
predictions can be confronted with the experimental data in
the future at BESIII, LHCb, and Belle-II. More theoretical
and experimental work on the productions and decays is still
needed to distinguish the molecule and tetraquark assign-
ments, as a hadron cannot be identified unambiguously by
the mass alone. The pole residues can be taken as basic
input parameters to study relevant processes of X (3872),
Zc(3900), and Zb(10610) with the three-point QCD sum
rules.
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